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Abstract
We discuss a relativistic free particle with fractional spin in 2+1
dimensions, where the dual spin components satisfy the canonical an-








. It is shown that it is a
general consequence of these features that the Poincare invariance is
broken down to the Lorentz one, so indicating that it is not possible to







In the last few years the study of particles with generalized statistics, the
so called anyons [1], has been a growing eld of interest. This is mainly
due to the possibility of explaining very important physical phenomena, the
fractional quantum Hall eect and the high temperature superconductors
[2, 3].
However, most of the work on this matter was done through nonrelativis-
tic models, or by using an external vectorial eld, the statistical eld A

of
the topological Chern-Simons term [4]. Notwithstanding, some authors have
been looking for the answer to the question whether this statistical eld not
only changes the statistics, but also endows the anyons with interaction. One
has been looking into the possibility of constructing a point-particle model
for anyons, without the need of using any statistical eld [5, 6, 7, 8]. This
quest should necessarily begin by studying the representations of the Lorentz
group in 2+1 dimensions [5, 6, 7].
The Lorentz group in 2+1 dimensions corresponds to the SO(2,1) group
whose irreducible representations, which are nite dimensional, are all non-
unitary and labeled by a set of half-integer and integer numbers [5]. Thus if
we are interested in a Lorentz covariant description of particles with fractional
spin, we have to deal in principle with an innite dimensional representation
of the Lorentz generators. On the other hand, Jackiw and Nair have shown
in [6] that the anyon posses just one physical polarization state for a given
sign of the energy, and they have obtained an induced representation for the
Poincare group on those physical polarization states. What is actually im-





] = 0) and therefore do not satisfy the usual angular mo-
mentum algebra. Nevertheless, some point-particle models corresponding to
the induced representation have appeared in the literature [7, 8, 9]. However,
as far as we know, none of the models discussed up to now has been able
to get two ingredients holding simultaneously, namely the free nature of the









spin components [8, 10]. In this work we intend to explore the consequences
of imposing these features simultaneously. In the next section we show ex-
plicitly how this can be carried through in a particular point-particle model.
In section three, we perform a model independent analisys, then in section
four we draw some conclusions and summarize the work.
2
2 A model for a free particle with fractional
spin



































and we are using 

= diag ( ;+;+), 
012
= +1.
Let us suppose now that we have a relativistic model for a point-particle
whose total angular momentum tensor and momenta components are given











































tg , with the remaining brackets vanishing, it is






















. The Poincare algebra
(1) possess two quadratic Casimir invariants which can be represented in our
model by p
2
and S  p, they will be used in the form of constraints to specify










= S  p + m  0 ; (4)
(5)
where  is an arbitrary real constant. In analogous fashion to the  = 1=2
case [6], Eq.(4) will play the role (for arbitrary ) of the Dirac equation [11, 6].




be rst class, in order to specify the
physical states which belong to the Poincare representation specied by 
and m, such that the hamiltonian of the model can be assumed to be of the
form
3









where e;  and 
a
(a=1,...,4) are the lagrange multipliers, whereas 
a
rep-
resent four second class constraints. The reason why we need exactly four
second class constraints comes from a simple counting of degrees of freedom
as follows, by assuming that the spin components S

and the momenta p

are parallel, one can show for arbitrary  that g = 2, where g is the giro-
magnetic constant [12]. This result agrees with previous calculations [13]
in eld theory, where the anyon is obtained from a U(1) current minimally
coupled to a Chern-Simons eld. If this is indeed the case, spin of a particle
in 2+1 dimensions is completely specied by the helicity S  p which is xed




is assumed to be a rst class constraint in





) introduced to describe the spin degrees of freedom. So we have to
further impose four second class constraints in order to eliminate the remain-





be parallel is to impose the constraints [8, 9]

1
= p  n = 0 ; 
2











Due to the fact that (5) does not depend on x

, after quantization the com-
mutation relations of p






] = 0 as a consequence of (5). In order to recover the





= x  n = 0; 
4
= x   = 0 : (9)
The constraints (5) and (7) form a set of four independent second class


































































































































Although rather complicated, the above brackets have some remarkable fea-





are exactly equal to the canonical Poisson brackets, therefore we recover the


































By comparing (3.9) with the Poincare algebra (3.0.1) we notice that S

be-
have like the total angular momentumJ

and (3.9) is nothing but the Lorentz




. Indeed, since the constraints












= 0 and there-















6= 0 (see (3.7)) are simply telling us that
the Poincare algebra (3.0.1) has been broken down to the Lorentz algebra
due to the lack of translational invariance of the constraints (3.6). In the





absence of translational invariance are not peculiar features of this model





Another important characteristic of the brackets (3.7?) to be noticed, is that




















= 0 and therefore the model under study really corresponds





complicated. So, we were able to reach the goal of obtaining a free relativistic
anyon with canonical spin algebra.
3 A model independent analysis
In this section, we will work from a more general point of view without




) has to be extended to include extra
variables to describe the spin degree of freedom, and that is precisely what
we mean by a model independent analysis. Let us take our hamiltonian to be
of the form (3.3) but, since we are not going to specify the extended phase
space, we have, instead of four 
a
, N second class constraints 
A
(A =
1,...,N) where N will of course depend on the number of variables of the





In this section we relax the denition of the Dira bracket in
order to include brackets used to eliminate second class constraints which are
not linearly independent. f ; g









+  (S  p+ ; m) : (13)
Now we would like to look at the equations of motion which come from H.
First of all, based on the very reasonable assumption that none of the 
A
depend on the non dynamical (
e
= 0 = 

) lagrange multipliers e and ,













therefore we have on shell 
1
= 0 and analogously 
2
= 0. If we now look
at the equations of motion for a generic phase space variable q,
_q = fq;Hg














(i = 1; 2) vanish on shell and are assumed to be the only rst class
constraints of the theory, it is clear that for deriving the equations of mo-
tion it is sucient to calculate Poisson brackets, i. e., _q = fq;Hg and































































Therefore we come to the remarkable conclusion that in order that the spin
components be conserved (
_



























a consequence of some of the second class constraints 
A
, thus, we can use















are gauge invariant, i. e., fS

; S  pg
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